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1. INTRODUCTION 
1.1. Background 
Letf: C + X be a smooth immersion of a 2-manifold in a 4-manifold. Iffis in general 
position, the image of C will have no singularities other than normal crossings, where two 
patches of C meet transversely at a point in X. This paper is concerned with the question of 
whether such an immersion f is homotopic to an embedding-whether one can eliminate 
the intersection points by moving C. It is well known that, in general, a suitable homotopy 
cannot be found. This contrasts sharply with the result of Whitney which applies to an 
otherwise similar problem in higher dimensions: for n larger than 2, an immersion of an 
n-manifold in a 2n-manifold is always homotopic to an embedding, provided only that the 
immersed manifold is connected and the target manifold is simply-connected. 
Our main theorem isolates a new obstruction to the embedding problem in dimension 4. 
We shall build on the earlier results of Kronheimer et al. [ 1,2], which were concerned with 
the same question; in particular, our main tools, like those of the earlier papers, are the 
moduli spaces of “singular” anti-self-dual connections. The moduli spaces, however, will be 
used here in a rather different way, and the obstruction which we identify leads to strictly 
sharper results. 
I.2. Statement of results 
Let X be a closed, oriented 4-manifold and f: Z + X an immersed, oriented surface with 
normal crossings. Often we omit mention of A thinking of C as a subset of X (the image of 
the immersion), and talk of the pair (X, E) , We shall require b+(X) - b’(X) to be odd, so 
that the instanton moduli spaces on X have even dimension, and we shall suppose that 
X has been given a homology orientation 8, so that the instanton moduli spaces are 
oriented [3]. In addition, we require b’(X) to be greater than 1. When these conditions are 
satisfied, and the orientations are given, we shall call (X, C) an admissible pair. 
Section 2 gives the definition of polynomial invariants for admissible pairs. This is largely 
a repetition of what was done in [2]: we mimic Donaldson’s construction of the polynomial 
invariants of a 4-manifold, but use moduli spaces of anti-self-dual connections having 
a singularity along a surface. Here however, we shall slightly expand the scope of the 
invariants; for example, we now allow Z to be immersed rather than embedded. These 
invariants depend on two integers k and 1 and take the form of distinguished homogeneous 
polynomials 
qk,l: H,(X, Q) -+ Q. (I) 
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The degree of qk,[ is given by 
d = d(k, 1) = 4k + 21 - $(b+ - b’ + 1) _ (g _ I) (2) 
where g is the genus of C. If k and 1 are such that d(k, 1) is negative, the invariants are 
undefined. 
The shape of the formula (2) shows that qk, 1 has the same degree as qk - 1, l+ 2. It is 
convenient to combine all the polynomial invariants of a given degree into one formal 
series: we introduce a variable s and write 
&(s) = 2-’ 1 s-‘q,+ 
d(k,l)=d 
(3) 
Although it is not clear at this stage, the above sum involves only finitely many non-zero 
terms (2.11). It is a finite Laurent series (a polynomial in s and s- ‘), taking values in the 
homogeneous polynomials of degree d on HZ(X). We note that the sum is empty unless 
d has the same parity as the constant erm in the right-hand side of (2). The factor 2-g will 
turn out to provide a convenient normalization. 
The following theorem summarizes our main result concerning the invariant (3). Recall 
that the normal crossing points of a surface Z in X can each be given a sign, plus or minus, 
using the orientations of the manifolds. We denote by z, or r(C), the number of double 
points of positive sign. 
THEOREM 1.1. The expression (1 - s2)-‘Rd(s) depends only on the homotopy class of the 
immersion. 
(In this statement, he homotopy need not be a homotopy through immersions.) 
There are some simple corollaries of this theorem. Let o(Z) denote the order of vanishing 
of R,,(s) at s = 1. If Rd is identically zero we put 0 = co, and if Rd(I) is non-zero then 0 = 0. 
Then we have: 
COROLLARY 1.2. The order of vanishing, o(E), of the Laurent series RI(s) at s = 1 is an 
upper bound on the amount by which the number of positive double points of C can be 
decreased during any homotopy. 
Proof: By the theorem, the quantity z - o is unchanged by any homotopy: this is the 
order of the pole at s = 1 of the expression which appears there. Both r and o remain 
non-negative, so if C’ is an immersed surface in the same homotopy class, then r(C) - z(Z) 
is bounded above by o(E). 0 
As a special case, we have: 
COROLLARY 1.3. If C has any double points of positive sign and R,(l) is non-zero, then 
the immersion is not homotopic to an embedding. 
The proof of Theorem 1.1 is given in Section 3. The remaining two sections of the paper 
deal with some further issues. In Section 5, we examine how the invariants change when the 
genus of C is increased by forming an internal connected sum with standard tori in X. The 
formula turns out to involve a slight extension of the invariants qk,r which takes account of 
the cohomology classes on the moduli space resulting from the base-point fibration (like the 
four-dimensional class which appears in the standard theory [4]). These classes and 
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a relation amongst hem are discussed in Section 4, which also contains a slight sharpening 
of two of the results from [Z]. The paper ends with a few remarks and speculations. 
In a later paper [S], we shall give applications of Theorem 1.1 to an old problem in this 
area: the question of whether a smooth complex curve in a complex surface always realizes 
the smallest possible genus in its homology class. Such applications were announced in [6], 
and part of the motivation for some of the material in Section 4 of this paper is the desire to 
extend their scope. For example, the results announced in [6] are effective only for complex 
surfaces of odd geometric genus; the material of Sections 4.3 and 4.4 is aimed at treating the 
case of even genus also. 
2. CONSTRUCTION OF THE INVARIANT 
2.1. Preliminaries 
Let (X, C) be an admissible pair, as defined in Section 1.2 above, but suppose for the 
moment that C is embedded rather than just immersed. Equip X with a Riemannian metric 
having a cone-like singularity along C, with cone-angle 2rr/v, for some large integer v (see 
[2]). Although we are ultimately most interested in invariants arising from SU(2) connec- 
tions, we begin now by considering the more general case of an SO(3) bundle. Our starting 
point will really be a U(2) bundle E -+ X, a line bundle A + X and a fixed isomorphism 
1: A’(E) + A. All gauge transformations of E will be required to preserve 1. We suppose 
further that a reduction of E to L1 8 L2 has been given in a tubular neighbourhood N of Z, 
with L, being singled out as distinguished. Passing to the associated PU(2) or SO(3) bundle 
E, we obtain a reduction to an SO(2) bundle Iw @ R. The choice of L1 over L2 gives R an 
orientation. The topological data we record is 
k = - +p@) 
1 = - +e(R)[Z] 
w = w,(E) 
so k and 1 take values in $Z and f Z, respectively. As in [l] (see Section 2.4 in particular), we 
can then construct moduli spaces of “twisted” or “singular” anti-self-dual SO(3) connec- 
tions 
for M in the interval (0, $). We refer to these as SO(3) moduli spaces, and will not usually 
mention the U(2) bundle. However, the gauge group we are using here is the group of 
automorphisms of E on X\C which are induced by automorphisms of E preserving 1. This 
is a finite-index subgroup of what would otherwise be called the SO(3) gauge group. In this 
respect our definition follows [7]. The gauge group and moduli space are independent of the 
choice of the integral lift of w, which is the data which determines E from _i?. 
Initially, we impose the following condition: 
CONDITION 2.1. The choice of w is such that there are nopat connections in Mi,,,, for any 
k and 1 and any a in (0,;). 
This condition is satisfied if, for example, w is non-zero on some sphere disjoint from Z, 
or if X is simply connected and the self-intersection umber of I: is square-free. It implies 
that for a generic choice of Riemannian metric, the moduli spaces are smooth, with 
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dimension 2d, where d(k, 1) is given by the formula (2). The dimension is even because 
b+ - b’ is supposed to be odd, as part of the definition of admissible. The moduli spaces are 
orientable, and an orientation is determined by /I (the homology orientation) and the 
equivalence class of an integral lift of w in the sense of [S] (see [2]). 
We shall define the invariants first under the assumption that Condition 2.1 holds. Then, 
as in [7], we shall define invariants for arbitrary w by a stabilization device. Finally, we shall 
define invariants in the case that C is only immersed. 
2.2. The basic construction 
_ - 
Fix a bundle pair (E, K) as above, and let gi = da/Y be the configuration space of 
twisted connections, based on any of the suitable function spaces considered in [l]. 
Specifically, we may choose as most convenient he space introduced in Section 5.4 of [l]: 
we put 
d” = A” + &(E) 
where A” is a model connection and tk2,Aa is a Sobolev space constructed using the 
Levi-Civita connection for the cone-like metric. Here k can be fixed at 2, once and for all. 
The gauge group Y then has Lie algebra z’ k+ ,,,@). Recall from [l] that the Fredholm 
theory with these function spaces is valid only for a in some subinterval I c (O,$) which 
depends on the cone-angle parameter v. To make I larger, one must increase v. 
Let &?‘:‘” be the subset consisting of irreducible connections, the quotient of &*,’ by 
a free action of the SO(3) gauge group 9. Since 9 consists of continuous automorphisms of 
E which reduce to SO(2) along C, there is a universal SO(3) bundle iE over X x 9$‘“, with 
a reduction to [w @ I6 on C x g$“. We define a map p by the slant-product construction 
p : H,(X) -+ fP(&*“) 
P(U) = - bPI(WC4. 
(4) 
There is also a four-dimensional class: choosing a base-point x in X, we define 
v = - dpr(E)/[x] E H4(J?@o). (5) 
Finally, there is a two-dimensional class which is absent in the usual theory: we pick 
a base-point rs in C and define 
E = - +e(Ds)/[o] EH2(9$‘). (6) 
In the cohomology ring of Bg9” there is a relation 
s==-v (7) 
as one sees by moving x to cr. The classes E and v will be considered again in Section 4. We 
shall not make use of them for the moment. 
Given a two-dimensional homology class u in X, we can represent it by an embedded 
surface, also denoted by u, which we may assume meets C transversely, Take a tubular 
neighbourhood N(u) of this representative, meeting C in standard disks, and construct 
a configuration space W:,a of twisted connections on N(u), using the same L2 
Sobolev spaces for the orbifold metric. Let 9!?:*‘a be the set of connections whose restriction 
to N(u) is irreducible. On this subset, P(U) is a class pulled back from ~9:~” via the restriction 
map 
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By a unique continuation argument [4], the moduli space Mz,,,, will be contained in 
Bz*‘” for generic metrics. Following the usual construction [4], take a line bundle .Y on 
a’,**” with first Chern class p(u) or perhaps 2p(u) if ,u(u) is not an integer class, and let s be 
a generic section. (From this point on we shall talk as if p(u) is an integer class, and let the 
reader put in the factors of 2 necessary in the general case). Let VU be the zero set of s. We 
arrange that the pull-back of s to Mi, I,w has transverse zeros, so that we obtain a codimen- 
sion-2 submanifold VU n Mz, I, W representing the dual of ,u(u) on the moduli space. 
Now let ul, . . . , ud be d classes in H,(X). Choose representative surfaces uch that the 
triple intersections are empty and such that the intersection points Ui r, Uj are away from C. 
Take tubular neighbourhoods N(Ui) with the same intersection properties. Select represen- 
tatives V,,t whose multiple intersections with the moduli spaces Mts,lT,, are transverse for all 
k’ and 1’, and consider the usual zero-dimensional intersection 
JG, I, w n VU, n ... n Vu,. (8) 
PROPOSITION 2.2. If the cone-angle parameter v is sujjiciently large, the intersection (8) 
will be a compact zero manifold. If we define q k,l,w by counting points with orientations, 
qk,l,w(% ... ,ud) = #W~,,,wnl/,,~ ... nv,,) (9 
then qk,l, W is independent of the choices made and is a symmetric multi-linear function of the 
homology classes [ui]. 
Proofi First, recall that the sharpest compactness results were proved in Section 8 of Cl] 
only for CI in a subinterval of (0, i) depending on v. In [2], such an interval was called an 
“interval of compactness” for v. As v increased, the interval of compactness expands to fill all 
of (0, i). To recall the main point here, consider what happens in a weak limit, where 
a sequence of connections in Mt.,, W converges to a connection in a lower moduli space 
M:~,f,,,, with curvature concentrating at points. If curvature concentrates at a point xi in C, 
then there is an associated loss of charge, accounted for by a pair (k, li). According to 
Proposition 2.12 of [2], given any subinterval I of (0,:) we can always choose v so as to 
ensure that the pair (k, li) satisfies the inequalities 
ki > 0 and ki + li 2 0 (10) 
with at least one inequality being strict. The main consequence is that each point of 
concentration of curvature on C causes a drop of at least 4 in the dimension formula 
8k + 41. 
Suppose now that c1 lies in the interval I and v is chosen large enough to guarantee 
the inequalities (10). Let A, be a sequence in the intersection (8). Passing to a sub- 
sequence, we can suppose that the sequence is weakly convergent to a connection A, 
with invariants (k’, 1’). Let p be the number of points of concentration of curvature lying 
in C and q the number of points of concentration outside C. Each point on C causes 8k + 41 
to drop by at least 4, while each point away from Z causes a drop of 8 or more, since 
k decreases. So 
2d(k’, I’) 6 2d(k, 1) - 4p - 8q. 
Further, each point on 2 lies in at most one of the N(Ui) while each point not on Z lies in at 
most two. So A, lies in an intersection of the form 
MZ,,I,,%V n V,, n ... n Vue 
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where e Z d(k, 1) - p - 2q. But the formal dimension of this intersection is 2d(k’, I’) - 2e 
which is now bounded above by - 2p - 4q and is therefore negative in any event unless 
p = q = 0, i.e. unless the sequence A, is (strongly) convergent. 
Having established that the intersection (8) is compact, we define the invariant by the 
formula (9), taking the signs from the standard orientation of the moduli space. This number 
may be rational on account of the factors of 2 which we are suppressing. It is independent of 
the choice of Riemannian metric and is independent of a, as long as c( remains in the interval 
of compactness I. Further, the invariant is unchanged if we decrease the cone angle of the 
metric by increasing v. By taking v sufficiently large, the invariant can be constructed using 
any desired value of c( in (0, i). We shall not go through the proofs, but refer to the original 
papers of Donaldson and to [2]. 0 
As a consequence of the independence of a, the invariant qk, , w is zero if we can find any 
a for which the moduli space Mi,,,, is empty. Recall from [l] the Chern-Weil formula for 
the action of a connection in the moduli space: 
lc=k+2al-&l(C) (11) 
where n(C) is the degree of the normal bundle (this is the same as the self-intersection 
number of the homology class of C since C is embedded, but we keep the two quantities 
separate in anticipation of our discussion of the immersed case below). The moduli space 
must be empty if IC is negative, so by letting a approach first 0 and then 4, we obtain a simple 
vanishing theorem. 
LEMMA 2.3. The invariant qk,l,w is zero unless both k and k + 1 - n(Z)/4 are non-negative. 
Remark. Our definition of an admissible pair included an orientation of C. The choice of 
orientation affects the sign of the invariant only when g is even: if E denotes C with the 
opposite orientation, then we have 
qk,dx, c) = (- l)g-'qk,,(x, c). (12) 
See Section (ii) of Appendix 1 in [l]. 
2.3. The general case 
We continue to suppose that Z is embedded and that the pair (X, E) is admissible, but 
we now drop Condition 2.1. Given a w which fails Condition 2.1, we follow [7] and 
construct the pair (2, C) with x = X#cP2, the connected sum being formed at a point 
away from C. Let C be the generating sphere in CP2, and let $ = w - [Cl. If tit is an integral 
lift of w, then 4 - [C] is a lift of 6, which we shall use to fix orientations. The new pair (8, E) 
with the Stiefel-Whitney class 6 satisfies Condition 2.1, and the invariant qk,r,w for the 
original pair (X, Z) is then dejined in terms of the invariants of the new pair, thus: 
~k,I,wh ‘.. Y%) = qk+l,4,l,dCI,~l, . . . ,%f). (13) 
The main point about this formula is that if w had already satisfied Condition 2.1, so that 
the left-hand side could have been defined directly, then the new definition agrees with the 
old: the equation above is an identity. (This is a formula from [9], and its proof carries over 
to our twisted case without change.) As a consequence, one may repeat the construction 
many times, forming the sum with several copies of CP2. 
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Remark. Of course, if it comes to calculating the invariants, the stabilization trick just 
described may serve no useful purpose. In some situations, one would show that for large 
d the invariants can be defined without recourse to this device, following the original 
approach in [8]. In the present paper, we are more concerned with exploring the formal 
properties of the invariants, and the definition (13) therefore suits us well. 
Finally, consider the case that C is immersed in X with normal crossings. We convert 
Z to an embedded surface by blowing up X at the crossing points and taking the proper 
transform of C. To describe this in C” terms, let x be a crossing point of E, and let B be 
a small ball around x meeting E in two standard, intersecting disks. To form the blow-up of 
X at x, remove the ball B and replace it by the mapping cone of the Hopf fibration S3 -+ S2; 
this is done in such a way that the normal bundle of the Sz has degree - 1 in the new 
4-manifold x EX# cP2. We can position E so that Cn i?B consists of two fibres of the 
Hopf fibration, and these bound standard disjoint disks in the mapping cylinder, each 
meeting S2 at one point. The proper transform e is the union of these two disks with the 
part of C which lies outside the original ball. If the original self-intersection point had 
positive sign, then the two new disks meet S2 with the same sign; otherwise, one disk meets 
S2 with positive sign and one with negative sign. In the first case, the new surface 2 has 
homology class [C] - 2[C], where C is the 2-sphere. In the second case, the new surface has 
the same homology class as [Cl, and its algebraic intersection with C is zero. 
Repeating this process at each intersection point, we obtain a pair (8, z), with e 
embedded. The homology of g contains the homology of X as a summand, and we define 
the invariants of the old immersed surface in terms of the invariants of the new embedded 
one: 
qk,f,w(x~ Cl = qk,f,w(Z mf*(X). (14) 
Note that the degree of the normal bundle of E is unchanged by the blow-up, but the 
self-intersection umber of the homology class drops by 4 for each positive crossing 
point. 
This completes the definition of the invariants @‘,I,,, for admissible pairs (X, C). We are 
most concerned with the case of an SU(2) bundle, when w2 = 0, though the stabilization 
trick may lead us through the SO(3) case. As in the introduction, we combine all the SU(2) 
invariants of a given degree into a Laurent series 
R,,(S) = 2-’ c s-‘&l. 
d(k,f)=d 
Note that k and 1 are integers in the SU(2) case. The sum is empty unless d has the right 
parity. Also, depending on the residue of d mod 4, the series will involve only odd or even 
powers of s. More importantly, as a consequence of Lemma 2.3, the sum involves only 
finitely many non-zero terms. 
3. HOMOTOPIES BETWEEN IMMERSIONS 
3.1. Preliminaries 
We now turn to the proof of Theorem 1.1. Let& andf, be two homotopic maps of C into 
X. Both should be immersions with normal crossings. Often we shall confuse the immer- 
sions themselves with their images, which we call Co and x1. A homotopy f, in general 
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position can be expressed as a composition of a sequence of standard moves, each of which 
is either 
(0) an ambient isotopy of the image C, in X, 
(1) a twist move introducing a positive double point, 
(2) a twist move introducing a negative double point, 
(3) a finger move introducing two double points of opposite sign, 
or the inverse of one of these [lo]. The invariants R,, are diffeomorphism invariants so are 
not changed by ambient isotopy. Therefore, to prove Theorem 1.1, we must show that the 
quantity (1 - s’)-~R,,(s) is unchanged under each of the last three moves. 
Consider case (1) for a moment, and let C, and C1 be related by a positive twist move. 
Then r(C,) = r(C,) + 1, so the content of the theorem here is a relation 
R,(X, C,)(s) = (1 - s’)&(X, C,)(s). 
In terms of the coefficients qk,l of the Laurent series, this can be expressed as 
qk,I(X, &) = qk,dX, &I) - qk- l,l+Z(x> &h (15) 
The other two cases are similar, and we therefore arrive at the following equivalent 
reformulation of the theorem. 
PROPOSITION 3.1. Let C be obtained from Z’ by one of the three basic moves (l)-(3) above. 
Then, according to the three cases, the invariants qk,r(X, C) for the new surface can be 
expressed in terms of the invariants qk,, for the old surface by the formulae 
(1) qk,l(X, x) = qk,l(X, c’) - qk-l.I+dX? c’), 
(2) qk,l(X, Cl = qk,dX, x’) (no change), and 
(3) qk,dX, x:) = qk,l(X, x’) - qk- l,Z+dx, c’). 
Each of the three basic moves involves making a modification to Z inside a standard 
4-ball in X. The formulae of the proposition will all be proved by an excision argument 
which involves decomposing X along the 3-sphere bounding the ball. To fit these arguments 
into a general framework, we must make a small digression. 
We wish to consider a non-compact pair (X0, Co) with a cylindrical end of the form 
(Y,s)xR+, where Y is a compact, oriented 3-manifold and S is a compact, oriented 
l-manifold (a union of oriented circles in Y ). We want to consider the moduli spaces of 
finite-action cc-twisted connections on such a pair, and we need gluing results which describe 
parts of the moduli spaces M”(X, Z) for a closed pair when it is decomposed into two 
cylindrical-end pieces: 
(X, C) = (X?, G) u (X% Z). (16) 
So we need to construct an extension of the theory of [ll, 123 to deal with the case of twisted 
connections. The author has little doubt that this could be done in some generality, but 
there are a considerable number of details that would need to be checked, and some that 
would need to be modified. 
To avoid developing the theory afresh, we make the following simplification. Since the 
invariants are independent of a, we are free to exploit any value of c1 in proving Proposi- 
tion 3.1. The convenient choice is to take o! = 4. The first special property of this value of c1 is 
that k and I enter the dimension formula is the same ratio as they enter the Chern-Weil 
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formula: in the latter one sees k + 2c11= k + Z/2, while the former involves 8k + 41, so we 
can write 
dim Mi, ,(X, Z) = 8~ + constant 
where IC is the action. For this value of a, there is therefore no need for the sharper 
compactness theorems which lead to the inequalities (10): when charge bubbles off at a point 
Xi, one certainly has ki + lJ2 > 0, because this is the amount of action that is lost; SO the 
dimension of the moduli space drops by at least 4, which was the only purpose for which we 
previously used (10). There is therefore no need to take a large value of the cone parameter v: 
any cone angle will do. For the analysis, it is practical to take a cone angle of 72. This means 
that the geometry of X is that of an orbifold locally modeled on a Z/2 quotient. Locally, on 
a branched double cover of a coordinate patch, the connections in M” extend as smooth 
SO(3) connections. All that is then needed is to develop the cylindrical-end theory so as to 
include such Z/2 orbifolds. This presents no difficulty, and we shall now summarize a few of 
the points which will be relevant. From this point until the end of the section, unless there is 
any indication to the contrary, we shall take it that GI = 4 and that the metric on X has cone 
angle z 
Our notation for cylindrical-end moduli spaces here is based on the brief exposition in 
[2]. Let (X0, x0) be a pair with a cylindrical end having cross-section (Y, S). We shall 
suppose that Co is embedded. Based on the orbifold interpretation just described, we 
introduce the moduli space M”(X’, Co) of finite-action twisted connections having struc- 
ture group SU(2) and holonomy CI = & From the asymptotic value of a connection A on the 
slices Y x (t}, one obtains in the usual way of continuous map 
r : M=(XO, P) + 9P( Y, S) 
where the latter is the space of equivalence classes of flat connections on Y\s having 
holonomy parameter CI on the circles linking S. One can interpret 9” as a moduli space of 
flat orbifold connections; in this sense, for p E P, one has the cohomology groups H’( Y, p), 
which are the basis of a Kuranishi theory describing the local structure of 9’. 
There is an awkward point concerning the interpretation of the two topological numbers 
k and 1 in the cylindrical-end setting. Let us return briefly to the case of a closed pair (X, C). In 
this case, the quantities which one can obtain directly by integrating expressions in the 




To obtain the second, one uses the fact that the orbifold connection has locally a well- 
defined restriction as an abelian connection on EC, and hence there is a decomposition of the 
curvature as 
as a 2-form on C. The quantity A is defined by the integral 
From K and 1, one recovers k and 1 by the formulae 
1 = A + WI(C) 
k = K - 2cll+ cm(C) 
(17) 
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If we turn now to the case of the open pair (X0, Co), the quantities rc and 3, can still be 
defined using the integrals as above. The formulae for k and 1 in (17) involve the degree of the 
normal bundle, so to make sense of them in the open case, we must choose a framing for the 
normal bundle of S in Y. With this done, we take (17) as the definition of k and 1. Both 
depend on the choice of framing. Neither of them need be integers. In general, I differs from 
an integer by a quantity depending on the holonomy of the flat connection r(A) along a loop 
parallel to S in Y (one should use the chosen framing to define the parallel); this holonomy 
need not be locally constant on 9“. The failure of k to be integral reflects also the 
Chern-Simons invariant, as usual. The quantities k and 1 are additive in the obvious sense 
when one forms a connection over a closed manifold by grafting together connections on 
two manifolds with matching ends; one must use the same framing of S on both sides, so 
that the degree of the normal bundle is additive. In the cases we meet below, S will be 
a union of standard circles in S3, equipped with their standard framing. The Chern-Simons 
invariant and the holonomy parallel to S will both be trivial, so both k and 1 will be integers. 
No confusion should arise. 
Transversality results and gluing theorems can now be formulated without much further 
thought. The summary of the usual theory in [2] provides models which will prove 
sufficient for our purposes. 
3.2. Twist moves 
Let C be obtained from C’ by a positive twist move, as in case (1) of Proposition 3.1. In 
view of the fact that invariants for immersed surfaces have been defined by transforming 
them into embedded surfaces, there is no harm in supposing that E’ is embedded. To 
describe the twist move, let B be a standard ball in X meeting C’ in a standard disk. The 
surface E is obtained by removing the standard disk and replacing it with an immersed isk 
in B having the same boundary but possessing a single double point of positive sign. To 
calculate the invariants of (X, Z) .we must form the proper transform 2 in the blow-up 
2 = X # cp2. The blow-up process happens in the interior of the ball B. 
Let Y be the 3-sphere at the boundary of the ball B, and let S be the circle which is the 
intersection of Y with both C’ and Z. The decomposition along (Y, S) yields a description of 
(x, z) as a connected sum of pairs: 
$3 C) = (Xl, w # (X2, C2) (18) 
where (X,, x1) is the original (X, Z’) and (X,, x2) is a copy of cp2 containing a sphere 
& whose homology class is - 2[C], with C being the generator. In fact, x2 is diffeomorphic 
to a standard conic curve in C%D2, but this is not needed in the argument. We wish to express 
the invariants qk,r(r?, c) of the connected sum in terms of the invariants of (Xi, El). 
We make two simplifying assumptions for the sake of exposition. First, we shall suppose 
that qk,[(r?, E) has degree d(k, I) = 0. In general, we would need to cut down the moduli 
space Mi,,(8, c) using the restriction to d surfaces ui. Since these surfaces may be taken to 
lie outside our original ball B, they would lie inside X1 in the decomposition (18), and 
including them in our argument would make no essential difference other than to make the 
dimension-counting arguments rather longer, in a quite standard way ES]. Second, we shall 
present the proof as if we are dealing with an SU(2) bundle satisfying Condition 2.1 on 
(X,, El). In general, one should blow up X (and hence X1) at some points remote from the 
ball B and employ the stabilization trick of the previous section; this would lead us to look 
at the SO(3) case, but would not involve any essential change in the argument, only an 
increased burden of notation. 
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With these simplifying assumptions in place, consider a family of metrics g,, on (8, e) 
which all contain an isometric copy of a neck (Y, S) x C-T,, T,], with T, increasing to 
infinity. The metrics are all supposed to be the same outside the neck region, and are all 
supposed to be “generic”. For each n, let A” be a connection in the (zero-dimensional) 
moduli space M;,,(8,2) for the metric gn. After passing to a subsequence, there will be 
a weak limit consisting of a pair of connections Al, AZ on the two cylindrical-end manifolds. 
Because of conformal invariance and the removability of singularities, these give rise to 
connections A1 and AZ in moduli spaces Mi,,l, (X,, E.,) and M$,I,(X2, x2) associated with 
the closed pairs. 
Remark. This step runs parallel to the familiar Iine in the analysis of the ordinary 
moduli spaces on a connected sum, where the conformal invariance allows one to pass from 
a cylindrical-end manifold to a closed manifold in the special case that the separating 
3-manifold is a sphere. Indeed, the branched double cover of our pair (Y, S) is a standard 
S3 and our picture looks locally like the quotient of an ordinary connected sum by an 
involution. The principal difference is that the unique flat connection in P(Y, S) is the 
reducible connection with holonomy parameter c1 linking the circle S, and this has stabilizer 
S’, whereas the trivial connection of S3 which plays a parallel role in the ordinary theory 
has stabilizer SO(3). 
Since the action can only decrease in the limit, the invariants of the connections A1 and 
AZ satisfy 
(k, + 1,/2) + (k, + /z/2) d (k + l/2). (1% 
Here we have used the fact that o! = b. If 2d(k, 1) denotes the dimension formula on (x,2) 
and 2di(kiy li) the dimension formula on (Xi, pi), then the inequality (19) gives 
2d,(kl, II) + 2d&z, 12) < 2d(k, 0 -I. (20) 
The deficit of 1 arises from the constant erm in the dimension formula, which we can write 
as 
2d(k, 1) = 8(k + 1/2) - 3(b+ - b’) - 2g - 1. 
All terms except he constant are additive under connected sums of pairs. Since d(k, 1) is zero 
in our case, the inequality (20) shows that one of d1 or dz must be negative. In fact, since 
(X,, C,) is an admissible pair with a generic metric, the existence of the connection 
Al means that dl(kl, I,) is not less than zero, so it is dz which must be negative: we have 
2&(X2, C,) < - I. (21) 
Again, because the metric on XZ is generic, this means that the connection A2 is reducible. 
Let us pause to consider the reducible solutions on the pair (X,, C,). Since the 
intersection form of XZ is negative definite, there is one reducible solution for each class in 
H2(X2) [l]. Corresponding to the class m[C] is a reducible connection A(m) with k = rn’ 
and I= 2m. (The formula for 1 is obtained by pairing m[C] with the class [C,].) The formal 
dimension for the corresponding moduli space on (X2, C,) is 
8k + 41- 3 - (2s - 2) = 8(m2 + m) - 1. 
The connection A2 must be one of the A(m); and from (21) we have the constraint 
8(m2 + m) - 1 < - 1. This inequality gives exactly two possibilities for m: either m = 0 or 
m = - 1. The invariants (k,, I,) will be (0,O) or (1, - 2) according to which case occurs. In 
both cases, 2d2(k2, i2) = - 1 and it follows that (19) must be an equality: no action is lost in 
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the limit, and the convergence of the sequence A” is therefore strong. It follows that the 
original topological invariants (k, 1) are the sum of (k,, 1i) and (k,, Z2). We therefore have 
(k,, 4) = ;;>I,, 1 + *) 
i ’ 
;; z;;; ; 1” 1 
In both cases, A2 is a reducible solution with Hi, = Hi, = 0, so there is no obstruction to 
the gluing problem. The reducibility of A2 exactly cancels the S’ gluing parameter in the 
connected sum, and we conclude that, when n is large (this being the parameter determining 
the length of the neck), there is a diffeomorphism 
N,,(Z 9 = Mi?,,(X,, &)UJG1,1+2(X1, C,). (22) 
The description (22) of the moduli space associated with the new pair (r?, e) implies 
a relation 
at least modulo 2. Our remaining task is to take care of the orientations and to see that the 
two contributions on the right-hand side enter with opposite signs. 
Let Al be a connection in one of the two moduli spaces which appear on the right-hand 
side in (22), and let A2 be the reducible connection with m = 0 or - 1 as appropriate. Let 
A be the unique solution in Mi,,(z, c) close to the connection Al # A2 obtained by grafting. 
Both A and Al are regular, isolated points of zero-dimensional SU(2) moduli spaces. With 
each there is associated a sign + 1, as we wish to compare the two. 
Recall how one attaches a sign to the point Al in the moduli space of (Xi, x1) [3,2]. By 
addition of instantons and monopoles, Al will be related to an u-twisted connection 
B which in turn can be connected by a path to a reducible connection B1 in a bundle 
L @ L-i. At a reducible connection, there is a standard way to orient the determinant line 
of the operator 6 = di @ d;. One propagates this trivialization as far as B; it can then be 
followed through the addition of instantons and monopoles to give a trivialization of the 
determinant line at Al. On the other hand, the determinant line at Al is canonically 
trivialized since the cohomology vanishes; and comparing the two trivializations gives 
a sign. This sign E(L) depends on the choice of L: conventionally, one takes the line bundle 
L to be the trivial bundle to obtain the standard orientation. Equivalently, one may take an 
arbitrary L and then adjust the sign E(L) according to the parity of Cam. 
Now consider the connection A obtained through the grafting process. We can form 
a reducible connection B1 # A2 which can be deformed to the connection B # A2, which 
differs from Al #A, by addition of instantons and monopoles. The trivializations of the 
determinant lines can be carried across. The reducible connection B1 # A2 is carried by 
a line bundle L1 # L2, where L1 is the same L as arose above, and L2 has degree 0 or - 1 on 
the generator of Cp2, according to the value of m. One sees from this description that the 
sign e(L1 # L2) for A is the same as the sign E(L) for Al. The final signs therefore agree or 
differ accordingly to the parity of c,(L) ’ - cl(L1 # L2)2. This last quantity is just m2, so the 
signs of Al and A are the same in the case m = 0 and opposite in the case m = - 1. This gives 
the correct formula 
qk,l@, e, = qk,dXl, cd - qk-l,l+2@1, xl) 
and completes the proof of case (1) of Proposition 3.1. 
Case (2) is very similar. The only difference is that C2 is now a sphere of degree zero in 
‘J%‘, rather than a sphere of degree 2. (In fact, CZ is a standard inessential sphere, so the pair 
(8,e) is the same as the blow-up of (X,, C,) at some point away from x1; but again, this is 
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more information than we need.) The proof goes as before until we look at the reducible 
solution corresponding to the class m[C] on cp2. The invariants of this reducible solution 
A(m) are now k = 8m2 and 1 = 0. The formal dimension of the moduli space is 8m2 - 1 
rather than 8(m2 + m) - 1 as previously. For this to be less than or equal to - 1, we must 
have m = 0. So rather than the two possibilities which arose before, we now have only one 
way for the invariants to go: we must have (k2, 1,) = (0,O) and (kI, II) = (k, 1). 
3.3. Finger moves 
The proof of the formula in case (3) of Proposition 3.1 will be a little indirect. We will 
show that there is a formula of the general shape 
(23) 
for some universal constants ai, of which only finitely many are non-zero. We will then 
argue that the non-zero coefficients are a0 = 1 and a, = - 1, by comparing (3) with (1) in 
a special case. We continue to simplify our exposition by supposing that the degree of the 
polynomial qk,I(X, c’) is zero, so we are dealing with a zero-dimensional moduli space. 
Let B be a standard ball in X meeting the original surface C’ in a standard pair of 
parallel disks. Let Y be the boundary 3-sphere and let S be the boundary of the two disks, 
a pair of parallel circles in Y. Decomposing (X, C’) along (Y, S) we obtain two cyclindrical- 
end manifolds 
(X, C’) = (XY, c:, u (x;, c;,. (24) 
Here Xy is the complement of B in X, and Xg is the ball B, equipped with a cylindrical-end 
metric. The surface Ct is the pair of disks. To effect the finger move, one of the disks in C8 is 
pushed through the other, to create a cancelling pair of intersection points. The definition of 
the invariants then requires us to blow up X; at each of these new intersection points. Let 
(_?$, 2:) be the resulting pair; so sg is diffeomorphic to the complement of a ball in 
C-p2 # cP2, and 2: is a pair of disjoint disks. The new closed manifold has a decomposition 
(2, fs) = (X7, %J(E %), (25) 
and our task is to express the invariants of (8,c) in terms of the invariants of (X, C’). 
The fundamental group of Y\S is free on two generators; the generators can be taken to 
be standard loops each linking one of the components of S. For the representations 
belonging to a’( Y, S), each of these loops is represented by an element of SU(2) belonging 
to the conjugacy class corresponding to a. For CI = $, this conjugacy class is the equatorial 
2-sphere in S3 gSU(2). This gives a description of the representation variety as 
(S2 x S’)/SO(3), which is just a closed interval: we write 
9V(Y, S) = [O, 7c] (26) 
and take the parameter to be the angle between the two points of S2. The two endpoints 
correspond to reducible connections with stabilizer S’, and the remaining points are 
irreducible. The interior points of the interval are also regular, in that H’(Y, p) is one- 
dimensional at these points, meaning that the hessian of the Chern-Simons invariant is 
non-degenerate in the normal directions to the representation variety. (Of course, the 
description is the same for any other value of a.) 
We frame S in Y with the standard framing (so that the parallel longitudes have linking 
number zero). The holonomy of the flat connections in 9’ is then trivial along the parallels 
of the two components. The fundamental group of X;\IZ! is isomorphic to that of its 
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boundary Y\S, so the flat connections extend. Our choice of conventions for the definition 
of k and 1 means that these connections comprise the moduli space M?j,(Xi, xi). The 
boundary-value map r gives a diffeomorphism 
r : M”,, ,(X8, E:) -+ Wa. (27) 
Over the interior of the interval [0, x] we see that this moduli space is a l-manifold. It is also 
the case that the formal dimension of this moduli space is 1; in other words, the space of 
decaying, coupled, self-dual harmonic 2-forms is always zero. To see this, one can interpret 
these 2-forms as forms on the branched double cover of Xi. This space is S’ x B3, with 
a cylindrical end having cross-section S’ x S2. There are no decaying harmonic 2-forms on 
this space, coupled to any flat connection. 
From this starting point we can obtain some information about the moduli spaces 
coming from the X1 side in the decomposition (24). 
LEMMA 3.2. For generic metric on Xy, the moduli space M$(Xy, Ey) is a compact 
zero-dimensional manifold which is mapped by the boundary-value map r into the interior of the 
interval [0,x]. The number of points in the moduli space, counted with sign, is equal to 
9k,l(X, Z). 
ProoJ: First of all, the dimension of the part of the moduli space which sits over the 
interior of the interval [0, rr] is indeed zero. One can see this using the gluing rule: part of the 
zero-dimensional moduli space Mi,,(X, E’) for the closed pair is obtained as the fibre 
product of M$(Xy, Ey) and M”,,,(X!, C;) over the interval (0, rr). From (27) and the 
remarks below it, we see that the second moduli space is regular and one-dimensional, so 
the first moduli space is zero-dimensional. 
We have already said that if p is in the interior of the interval [0, x] then H’(Y, p) is 
one-dimensional. If p is one of the end-points, then H’(Y, p) is two-dimensional and 
H”(Y, p) is one-dimensional. This statement is equivalent o the regularity of the space of 
based flat connections. To see that it is correct, divide Y into two pieces along a 2-sphere, so 
that each piece contains one component of S. Then compute the cohomology of the based 
complex on Y using Mayer-Vietoris. One finds that the first cohomology of the based 
complex is four-dimensional, independent of p; each piece of the decomposition makes 
a two-dimensional contribution. (This just reflects the fact that the based representation 
space is S2 x S2 .) To obtain the dimension of H’(Y, p), one must then subtract the 
dimension of the SO(3) orbit, giving 1 in the case of irreducibles and 2 in the case of 
reducibles. 
The regularity of the based representation variety implies that all anti-self-dual connec- 
tions on (Xy, x7) decay exponentially to their flat boundary values, and allows us to 
compute dimensions from the Atiyah-Patodi-Singer theorem. Pick p in 9” and consider 
the moduli space M$(Xy, Cy; p) of anti-self-dual connections asymptotic to p. When p is 
irreducible (in the interior of the interval) the dimension of the deformation complex for this 
moduli space is - 1, for we have already seen that the total moduli space is zero 
dimensional. In the index theorem, the terms which may change as the boundary value p is 
varied are 
- t(h’(Y, P) + h’(Y, P) + R(p)), 
where R is the Atiyah-Patodi-Singer p-invariant for the flat connection in gE on the 
3-mainfold. In our situation, all these terms should be computed in their orbifold versions. 
The existence of an orientation-reversing diffeomorphism of (Y, S) shows that the term R(p) 
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is zero, and we have seen that when p moves from the interior to one of the end-points, both 
ho and hi increase by 1. This gives us the information we want about the reducibles: if p is 
one of the end-points, then the index of the deformation complex for ME, ,(Xy, Cy; p) is - 2. 
It follows that this moduli space is empty for a generic metric (and indeed for a generic path 
of metrics). This proves the second assertion of the lemma. 
The compactness of the moduli space described in the lemma is quite standard, and we 
now see that when (X, E’) is given a metric with a long enough neck, the gluing construction 
leads to a map 
because there is no obstruction to gluing and no gluing parameter for the irreducible 
connections of W”. To see that the map is surjective when the neck is long, consider a weakly 
converging sequence of connections (A,} which belong to the moduli spaces ME,,(X, C’)(gJ 
for a sequence of metrics gn with increasing neck length; and let A and B be the weak limit 
connections on the cylindrical-end manifolds (X?, Cy) and (Xx, C;). We see first that B must 
be flat. For otherwise A has action strictly less than the action of the connections in the 
moduli space Mi,,(Xy, I$); and since the dimension of the moduli space varies monotoni- 
cally with the action when CI = & it would follow that the dimension of the moduli space of 
A is negative, which is impossible for generic metric on Xi. Next, by the same reasoning, we 
see that the action of A is the same as the action of the connections in the moduli space Mg,,, 
so no action is lost in the weak limit and the convergence is strong. Since B belongs to 
M”,,,(Xz, I$), it follows that A belongs to Mg,,(Xy, Cy), because the invariants have to add 
up to the original (k, E). Again because the convergence is strong, the connection A, must be 
in the range of the gluing map once n is large; this is the surjectivity of the gluing map which 
we wanted. The last clause of the lemma now follows. [7 
We now turn to the manifold (8, c) and its decomposition given in (25). The normal 
bundle of 2 has degree 4 less than the normal bundle of the original Y, so if i? and K denote 
the topological actions of the connections in ME&?, 2) and Mz,,(X, C’), respectively, then 
we have the relation 
iZ=ic+$ (28) 
when c1 = $. The extra d comes from the term - cz’n(C) in the Chern-Weil formula. The 
quantity K is also the action of the connections in ME,,(Xy, Cy). 
Let gn be a sequence of metrics on (8, c) with increasing neck length (and cone angle 
n along 2 as always here), and let {A,} be a weakly convergent sequence of connections 
from the sequence of zero-dimensional moduli spaces Mt.,@, c)(g,). Let A be the weak 
limit on (X7, Cy) and let B be the weak limit on (at, c:), according to the decomposi- 
tion (25). 
LEMMA 3.3. The action A is IC, the action of B is 4 and the convergence is strong. For some 
integer i, the connection A belongs to the space ME_i,l+2i(Xy, Zy) and B belongs to 
MT, - ,i(Siy Ci). 
Proof As in our analysis of the decomposition of (X, C’) above, the action of A must be 
at least K, for otherwise it belongs to an empty moduli space of negative formal dimension. 
The connection B belongs to some moduli space Mzj(Zt, ei), and the action of the 
connections in this moduli space is 
i + (j/2) + a (29) 
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when a = 4. The action is non-negative, and since i and j are integers, it follows that the 
action is at least $. But the total action available is just K + $ by (28), so we see that A must 
have action exactly rc and B must have action exactly $. So the convergence is strong. We 
also see that j = - 2i from (29), so B belongs to My, _&?j, 2;) as claimed. Finally, A 
belongs to Mi_i,l+zi (r?:, Z!$, because the invariants behave additively under gluing. 0 
Applying Lemma 3.2 with a different choice of k and 1, we see that the moduli space 
MU_. k ,,1 + zi(Xy, Cy ) to which A belongs is a smooth zero-manifold mapping to the interior of 
the interval [0, 7c] under r; and that the number of points in this moduli space, counted with 
sign, is qk_i,l+2i(X, C’). From the other side, the moduli space My, _ ,i(zQ, 2;) is a smooth 
l-manifold over the interior part of the interval (we have no concern with the part of the 
moduli space which sits over the end-points), and the map r is proper and so has 
a well-defined degree. Let ai be the degree of this mapping between l-manifolds. Only 
finitely many of the moduli spaces MT, _ ,i(r?il cq) can be non-empty, because all of these 
moduli spaces correspond to ordinary connections of the same action (one-half, in fact) on 
the branched double cover of $?, and one can apply Uhlenbeck’s compactness theorem 
there. So only finitely many of the ai are non-zero. 
When the neck parameter is long enough, the gluing construction gives us a map of the 
various fibre products, 
By an application of Lemma 3.3, this map is surjective. Counting the number of points in 
this fibre product, we derive the relation 
which is the goal we set out in (23). The constants ai are really universal: we have not taken 
the trouble to show directly that the degree of the map r : MT, _ ,i(r?i, f$) + [0, x] is really 
independent of the metric on Xi, but there is no need, for we can arrange always to use the 
same metric on this standard piece. 
The content of the relation above is that, after the finger move, the Laurent series RI(s) is 
multiplied by some fixed polynomial in s whose coefficients are the ai. In order to identify 
the ai, it is therefore enough to know about any one special case in which the invariants are 
non-zero. So let (X, YE’) be a pair with non-zero invariants (such pairs exist), and let (X, C) be 
formed from (X, C’) as follows: we take a standard ball B in X meeting Z’ in one standard 
disk D, and we perform a finger move of D through itself inside B (see [lo], Section 3.1, for 
a picture). 
LEMMA 3.4. In this special situation, the invariants of (X, C) are related to those of (X, C’) 
by 
qk,dX, x, = qk,dX, z’) - qk-1,1+2tX, x'). 
Proof In this special case, the finger move is equivalent o the composite of two twist 
moves, one with positive sign and one with negative sign, in two adjacent, disjoint 4-balls in 
X. The above relation therefore follows from parts (1) and (2) of Proposition 3.1, which have 
already been proved. Alternatively (since it is hard to convince oneself of the equivalence 
without good pictures), we can argue from scratch again. If we resolve the two extra double 
points in C by proper transform, we obtain a new pair (8,c) which is the connected sum of 
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the original pair (X, C’) with some pair (X,, C,). The manifold X2 is C~2#C%‘2 and 
x2 represents the element (2,O) in the standard basis for the homology. We can analyse this 
connected sum in just the same way that we dealt with case (1) of Proposition 3.1. On 
pulling apart, we obtain a reducible connection on X2 with index - 1. The reducibles are 
classified by pairs of integers (m,, m2) now, and the index corresponding to the reducible 
A(ml, m2) is B(mf + ml) + 8m$ - 1. It follows as before that there are just two possibilities 
for the reducible solution on X2: one must have m2 = 0, and ml = 0 or - 1. The rest of the 
argument is just as before, and leads to the relation above. 0 
From this special case now, we deduce that a0 = 1 and a, = - 1, so completing the 
proof of case (3) of Proposition 3.1. This also completes the proof of our main result, 
Theorem 1.1. cl 
4. SOME FURTHER PROPERTIES OF THE INVARIANTS 
4. I. A relation between two and four-dimensional classes 
Let X be an admissible pair. In Section 2 we explained that the configuration space 
B:‘” of irreducible a-twisted connections carries a four-dimensional cohomology class v (5) 
and a two-dimensional class E (6), which arise from the fibres of the universal bundle over 
base-points x E X and cr E xc, respectively. Let (B, D) be a standard neighbourhood pair for 
0 inside (X, C) and let 99:‘” denote the configuration space of irreducible twisted connec- 
tions on this pair. From the base-point Q, there is a line bundle (an SO(2) bundle) H over 
%% 11;‘“. Just as one constructs the representatives VU for the classes p(u), one can consider the 
restriction map 
and by taking a section of K on @z9“ which is transverse to ME,, one obtains a divisor 
ME,, n V, representing the Poincare dual of E. One must attach a factor of - 3 to this divisor 
since the Euler class of K is - 2.5. 
Now given a collection of points crl, . . . , ce in Z and two-dimensional homology classes 
Ul, ... , z.+~ in X, we choose representatives of the Ui such that the triple intersections are 
empty, the double intersections are disjoint from Z, and the intersections of the Ui with C are 
disjoint from the points aj. We then take neighbourhoods of all these with the same 
intersection properties and we construct divisors VUi and V,,j as above, in general position 
with respect to the moduli space M i,l and all lower moduli spaces. We then define an 
invariant 
by counting the points in the intersection of all the divisors with appropriate multiplicity. 
The necessary compactness properties follow from the same dimension counting as we used 
in Section 2.2. We should mention here that the relation (12) needs to be modified for this 
extension of the invariant, because the class E changes ign when one changes the orienta- 
tion of Z. 
One can also use the four-dimensional class v in this way. Given points x1, . . . , x, in X\C 
one chooses ball neighbourhoods disjoint from Z and pulls back representatives of v from 
these. Following, for example, the exposition in [4]. one constructs invariants 
q/c,& ... ,&,~l, ... ,~c?rUl, ... ,Ud-e-2,). (30) 
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It is important that the ball neighbourhoods are disjoint from C when it comes to the 
dimension-counting arguments. Of course, the notation we are using is somewhat redund- 
ant, because it is only the integers I and e above which are important, not the actual position 
of the points. (Recall that Z is supposed to be connected. If C were disconnected, it might 
matter which components the Gi belonged to.) 
The classes E and v are related by eq. (7) in the cohomology ring of the configuration 
space, and this suggests that there should be a relation amongst the invariants (30). Let 
z denote any collection of classes of total degree 2d - 4, such as a collection of d - 2 
surfaces ul, . . . , ud_ 2 in X. Let V, denote the intersection of the corresponding divisors in 
the configurntion space and let A4 stand for the 2d-dimensional moduli space M&(X, C). 
The intersection V, n M is a four-dimensional manifold. If V, n M were compact then we 
could wri:.e 
qk.dx, 4 = (v, Cv,nMl) 
an honest evaluation of cohomology classes on the fundamental class of the 4-manifold, and 
(7) would imply a relation 
4k,&r1, g2,z) = - c?k,d& 4. (31) 
However, in general, V, n M is not compact. Donaldson’s invariants and their close cousins 
here really involve a choice of compactly supported representative for classes uch as v and 
s2 on I/,. If V, n M is non-compact hen H4( V, n M) is trivial, and the choice of representa- 
tive is everything. The geometrical constructions of the representatives that we have 
described give different results in the two cases. There is still a relation between the 
invariants, but it involves terms having to do with the boundary of V, n M. 
PROPOSITION 4.1. Let z be a collection of classes of total degree 2d - 4 as above, let o1 and 
o2 be points of C and x a point in X\C. Then we have a relation 
qk,lbl, c2, z, = qk,I- lfz) - qk,dX, z, +  qk- l,I+ ltz). 
Proof: Let V, be as above, and let us account for the possible failure of V,n M to be 
compact. We suppose that z consists of some surfaces Ui, some points aj (j > 3) different 
from the special points (or and cr2, and some points Xi (i B 2) in X\C different from the 
special point x which we take as x1. Let A, be a weakly convergent but not convergent 
sequence in this intersection. One possibility is that curvature is concentrating at a point in 
X\C. This point would have to be either in the intersection of two of the surfaces Ui, or in 
one of the 4-balls contributing to one of the four-dimensional classes Xi (i > 2). In either 
case, the connection A obtained in the weak limit belongs to a space of the form 
where z’ is a collection of classes of total degree 2d - 8. The dimension of this intersection is 
zero. Note that the instanton number cannot drop by more than one, nor can the point of 
concentration be disjoint from the neighbourhoods of the Ui and Xi, for otherwise the limit 
A would live in an intersection of negative dimension. Let P be the finite set of ideal 
instantons which arise this way. We give (V, n M) n P the topology of weak convergence to 
form a partial completion of the four-dimensional intersection. 
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The next possibility is that the A, have curvature concentrating at a point o0 of Z that is 
disjoint from all the Ui and from any ej for j > 3. Let (k,, l,,) be the invariants of the limit 
connection A. From the inequalities (10) we have 
k - k,, 2 0 and k - k. + 1 - Z,, B 0. 
However, the drop in dimension cannot be more than 4, and this leaves only two 
possibilities. The invariants (k,, I,) are either (k, I - 1) or (k - 1, I + l), and A lives in the 
zero-dimensional space V, n Mzo, ,, . We regard the weak limit as defining a point (cr,,, A) in 
the two-dimensional space C x (V, n M&, lo ). Let Q be the set of ideal solutions which arise 
this way. 
The final possibility is that go coincides with one of the Gi for i 2 3 or lies in one of the Ui. 
In this case the limit connection A lies in a two-dimensional space V,, n Mf,,*,, where (k,, IO) 
is as before and z’ is a subcollection of z of total degree 2d - 6. Let R be the collection of 
ideal solutions which arise this way. 
With the topology of weak convergence, we now have a compact space 
(V = (V, n M) u Pu Q uR). These pieces are disjoint, but the closure of Q does contain 
points of R. Consider how the base-point fibration looks on V. In none of the scenarios 
above does any curvature concentrate near the point x, so the restriction map from V, n M 
to the configuration space of connections in the ball-neighbourhood of x extends continu- 
ously to V. The fibre of the universal SO(3) bundle at x therefore gives a bundle lE, + V on 
the whole of the compactification, and we can calculate one of the invariants as an honest 
pairing: 
qk, I(& z) = - t<dtc), [VI>. (32) 
Next consider the restriction map from V, n M to go, *, a This map extends continuously to . 
P and to R, because at these ideal solutions there is no concentration of curvature near to 
oi. The map also extends continuously to most of Q, but not all: the bad set is 
Gri1 x(KnM&,l,) 
for the two possible pairs of invariants (k,, lo). Let V’ be the complement of a neighbour- 
hood of these points in V. The restriction map is continuous on I/’ and we have a base-point 
bundle 
061 + V’ 
from the fibre over cri. With (TV in place of el, we similarly construct a bundle 
We have F = V’u I”‘. The definition of qk, [(cri, e2, z) requires us to take generic sections of 
K, and W2 and count their intersection in V, n M with appropriate multiplicities. 
We can think a little differently about qk, 1(~1, cr2, z) by using the fact that Ki can be 
extended to the whole of V, uniquely up to isomorphism. To see this, let (ol, A) be an ideal 
solution with A E Mt.,_ 1. A neighbourhood of (gi, A) in P can be described in terms of 
grafting. We take a standard 1-monopole solution J in M”,,,(IW4, [w2) and graft it to A at 
a point near cl. This shows the neighbourhood to be 
D x Cone@‘) (33) 
where D is a neighbourhood of g1 in C, the S’ is the gluing parameter, and the radial 
distance in the cone is the scale of the solution J. There is no new analysis needed to arrive 
at this description; we take an orbifold-type metric on (X, C) and obtain the above space as 
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the invariant part of the usual picture involving cones on SO(3) [12,4]. Topologically then, 
P is a manifold near to (ai, A). A neighbourhood of this point is a ball and the boundary of 
the neighbourhood is S3. Any line bundle on S3 extends uniquely to the ball, and this allows 
us to extend K1 across this point. The case that (k,, I,-,) = (k - 1,l + 1) is just the same; 
indeed these two cases are really indistinguishable as they are related by the “flip” symmetry 
discussed below. 
Thus, we construct a bundle R, over all of V, and W, similarly. These two bundles are 
isomorphic, because we can move o2 to c1 along a path and make the extension of bundles 
in this one-parameter family. We can therefore dispense with the second one. Our invariant 
can now be calculated as 
(34) 
Next choose a path y joining x to a i. By parallel transport, we can identify the fibres at 
the two endpoints, and this gives an isomorphism between R 0 R, and E, over the set 
VZ’,nM c 8: 
If we make y disjoint from the ni and the other points xi, and disjoint from Z except at its 
endpoint al, then the parallel transport can be extended to define an isomorphism Q over 
the larger subset I/’ c V. If @ extended to V;, then (32) and (34) would be equal. However, 
the boundary of V’ is a collection of 3-spheres, as we saw from the model (33), and there is 
an obstruction to extending @ across the balls that they bound. Using the trivializations of 
the two bundles on the ball, we can express @ on each boundary component as a map from 
S3 to SO(3). Let m be half of the degree of this map. This is an integer, because it is the 
degree of the lift of @ as a map from S3 to SU(2). The integer m is the obstruction to 
extending @ and accounts for the difference between (32) and (34). 
We get the same contribution m from each 3-sphere, because the construction of the 
model (33) shows that it can be calculated from the based moduli space on (R4, R2) with 
(k, 1) = (0, 1) or (1, - 1). (There will be no difference between the result in the two cases, 
because of the flip symmetry already mentioned.) The grafting construction gives a map 
from the 3-sphere in the model to the 3-sphere in V’ which is either orientation-preserving 
or orientation-reversing according to the sign of A as a point in V, n M$, l,; this statement is 
actually part of the construction of the standard orientation of the moduli spaces, for it 
expresses the way that the orientation can be followed through the grafting of instantons 
and monopoles. The number of boundary 3-spheres of the first type is qk, I_ i(z), and the 
number of the second type is qk_ 1,1+ 1 (z). We therefore have a relation 
qk,Ibl? a2yz) = mqk,l-l(z) - qk, dx? z, + mqk-l,l+l(zh 
All that remains is to calculate m. In principle, this can be done from the model case of 
(R4, 58’) and the based moduli space of charge (0,l). The calculation is rather like the 
Poincari duality argument in [12] and [4], and it is easy enough to arrive at the answer 
m = 1. But the result is unconvincing unless considerable care is taken over signs and factors 
of 2. We shall therefore calculate a slightly different but closely related example, which 
seems more robust. 
Consider the pair (X, C) = (CP’, Cp’) with the standard orientations. This is not 
actually an admissible pair, according to our definitions, because b+(X) = 1. But in this 
special case it does not matter, for there are no non-flat reducible solutions here, and no 
non-trivial flat connections on the complement of Z. We take w2 = w, the non-zero element. 
Condition 2.1 is satisfied, so there is no need for stabilization. We shall take k = 2 and 1 = 4, 
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so that the invariant qk, l has degree d = 2. The invariants qk, l _ 1 and qk _ 1 ,l + 1 are constants. 
For points el, a2 in C and x in X\Z we shall show 
qk,dal? 02) = 1 




It will then follow that m = 1. 
Equip X with a Klhler metric with a cone-like singularity along C with cone angle 27c/v 
for some large v. Take a to be rational with denominator v. Then, according to the results of 
Section 8 of [2], the moduli spaces ME,,,,(X, C) coincide with moduli spaces of a-stable 
parabolic bundles. Since w is non-zero, we must look for parabolic U(2) bundles (&,9), 
where d is a holomorphic bundle on X with 
k(d) = c2 - $c; = k 
and 9 is a line subbundle on Z with 
&(a) - Cl(Z) = 1. 
There are no strictly semi-stable bundles d, so for small c1 the notions of a-stability of (8,L.Y) 
and ordinary stability of Q coincide. The moduli spaces are complex varieties, and for 
a suitable choice of lift of w they all have their complex orientations. 
We deal with the formulae (35) in reverse order. For Mi-l,l+l,w, we need a stable 
bundle 6 with k(b) = - $. There are no such bundles (k must be positive), so the moduli 
space is empty and the invariant is zero. 
For ML-L,, we need a stable bundle 6’ with k = 2. The unique such bundle (up to 
tensoring by line bundles) is the tangent bundle, with cl = 3h and c2 = 3h2. We must then 
find a line subbundle on C with ci(_Y) = 2. The restriction of d to x is B(1) 0 O(2), so there 
is a unique such 9. The moduli space is therefore a point. This point is regular, so the 
invariant is 1. The sign is positive because the orientation is complex. 
Next we look at M$ I, w. The stable bundle d is again the tangent bundle, but now we are 
looking for an _Y with c1 = 1 on C. Such a subbundle is determined by a map 
s: 8(l) + Lo(l) 0 co(2) 
which vanishes nowhere. The maps s and Is give the same subbundle. We can write s as 
s = (c, u) 
where c is a constant and u is a section of O(1). The condition that s vanishes nowhere says 
that c is non-zero, so we can scale s to make c = 1. This identifies the moduli space as C2, the 
space of possible u. 
We can also identify the Uhlenbeck compactification of this four-dimensional moduli 
space. In line with our earlier discussion, there are three possibilities to consider, which we 
called P, Q and R for the various strata. In the present case, however, when z is not present, 
both P and R are empty, and Q consists of Z x Mi,,_ l,w, which is a copy of Z since the 
smaller moduli space is a point. The compactified moduli space is therefore a union of 
C2 and a UP’. the algebrogeometric description of the moduli space makes clear that it has 
a natural compactification as @IID*: the extra points at infinity correspond to sections  of the 
form (0, u), where c is zero. The unique zero of u also identifies the extra @P’ as a copy of C. 
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In [2] we shall develop some machinery which allows us to compare the algebro-geometric 
compactification with the Uhlenbeck compactification. In this particular case they are 
indeed the same, and we have ri;r = @IID’. 
In the moduli space n;i, the bundle d is constant, so the base-point fibration correspond- 
ing to x E X\C is trivial. This shows that v is zero on A and gives us q&c) = 0. 
Finally, pick a point 0 in E. Let B be the corresponding point at infinity in M. On the 
complement of B, we have a line bundle [L whose fibre at any point (8, 9) is the fibre of _Y at 
CJ. Translating between the U(2) and SO(3) versions of the story, we see that E is represented 
by cl@*). Now [L* is the hyperplane bundle on @P2, so we have 
(s2, Cfil> = 1, 
which gives the first of the formulae in (35). This completes the proof of Propo- 
sition 4.1. 0 
4.2. The flip symmetry 
In [l] it was explained that the moduli spaces Mi,,,, come in pairs. There is an 
isomorphism 
@:%,I,, --) M$J,, (36) 
where 
k’ = k + I- $n(C), 
w’ = w + [C-J, 
1’ =&z(X) - I 
a’ = f - a* 
(37) 
There are at least three ways to think about this “flip” symmetry. The simplest case is for the 
SU(2) invariants when [C] = 0 mod 2. Then w = w’ = 0, and the identification @ carries 
A to A @ 5, where r is a flat line bundle with holonomy - 1 on the loop linking C. At the 
level of SO(3) connections, A and A 8 5 are identical connections on the complement of C. 
Generally, given a finite-action anti-self-dual SO(3) connection A on X\Z, and given the 
information that it arises as an element of one of the moduli spaces, there is an ambiguity in 
determining which moduli space it is. This arises from the fact that the elements of SO(3) 
corresponding to holonomy parameter CI and 4 - a are conjugate, so the holonomy 
parameter is ambiguous. To pick out CI, one needs an orientation of the axis of rotation of 
the holonomy element, or equivalently an orientation of the orthogonal 2-plane. Once 
the orientation is given and the holonomy parameter 0: is determined, one can determine the 
correct way to extend the SO(3) bundle E over X. This is why it is important that the 
2-plane bundle K in the SO(3) bundle has structure group SO(2), i.e. that it is oriented. 
The third way to see the flip is in terms of parabolic bundles in the Klhler case. If (8, 9) 
is an cc-stable U(2) pair, then there is a locally free rank-2 sheaf 8’ c 8, defined as the sheaf 
of sections of I whose restriction to Z lies in 9. The restriction of the inclusion of E has 
a kernel, which is a line subbundle 9’. It is easy to verify that (8, 9) is $-stable, and that its 
invariants (k’, 1’) are related to those of (8,9) by the formulae (37). To within a twist by 
a line bundle, the relationship between d and 8’ is quite symmetrical, because d is 
a subsheaf of 8’ @ [Cl. 
The cohomology classes p(u) for u E H,(X) can be constructed on both of the moduli 
spaces in (36), but Q need not intertwine the two. Define a map 
by 
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Similarly, define classes E’ = O*(E) and v’ = CD*(v). Using these in place of p, E and v we can 
define a different polynomial invariant 
C&J,&, ... ,X,,~l, ... ,Ge,Ul, .‘. ,%-e-2,). 
It is a tautology now to say that q;,l,w = + qks,l,,wp. The sign is uncertain because we have 
not said whether Q preserves or reverses orientation. As noted in Appendix 1 of [2], in the 
case that [C] is zero mod 2 we can meaningfully compare the orientations of the two moduli 
spaces, and we find that @ affects orientations according to the sign of $n(Z) - (g - 1) (see 
Eq. (A1.5) in [2]). In this case then, we can write 
4h,J,w, =(-1) n(z)/4-(s-l)qk,I,w. (38) 
This formula is still a tautology, but it becomes more than that when we are able to 
express 4;. I, w in terms of qk,1,,,,. First, it is quite clear that v = v’, because the flip only 
involves the neighbourhood of Z and does not affect the base-point fibration at x E X\C. 
Next, it is easy to see that 
El = -&. (39) 
This is because the orientation of Db has changed (see the remarks above). The relation 
between p and p’ is a little trickier, but it can be obtained from the parabolic bundle picture. 
We leave it as an exercise for the reader to show that 
p’(u) = p(u) + (24. C)E. 
This relation allows one to express q’ in terms of q, and so give content to (38). 
As a special case, suppose that we are in the SU(2) case and [Z] is divisible by two, so 
that w = w’ = 0 again. If we restrict the polynomials q to the orthogonal complement 
[Cl’ c HZ(X) , then p(u) = p’(u), and we have 
qk,,l, = (-l)“@)/4-(g-l)qk I I . (40) 
This expresses a symmetry in the coefficients of Rd. Up to sign, the coefficients are 
a palindrome when restricted to [Cl’. As a cross-check for the consistency of some of the 
signs, the reader may transform the left- and right-hand side of the relation (1) in Proposi- 
tion 3.1 using (40), and then verify that the transformed relation is equivalent o the original. 
(Note that a positive twist move will decrease n(Z) by 4.) 
From the point of view of KPhler geometry, neither p or p’ is really the natural 
construction. One should define an a-dependent map which interpolates linearly between 
the two: 
/L”(u) = (1 - 2cr)&) + 2r$(u). 
The reason this is the natural choice is that it corresponds to the natural polarization of the 
moduli space of parabolic bundles, arising from the geometrically constructed Kihler form 
on the moduli space. Based on this p-map, one can construct an invariant qi,l which 
interpolates between qk, l and 46, l and has a polynomial dependence on a. The flip symmetry 
looks much more natural in terms of q”, for it just says that 
as polynomials on HZ(X). Formally, if X is Kahler and we evaluate the invariants on the 
Klhler class, the relation above is just the natural statement hat the flip Q preserves the 
polarization of the moduli spaces. Indeed, at the points where the moduli space is smooth, 
CD is a holomorphic isometry between Klhler manifolds. 
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4.3. Refining the vanishing theorem 
The nature of the proof of Lemma 2.3 makes it clear that this result holds also for the 
general invariants qk,l, ,,,, including the extensions involving the extra two- and four- 
dimensional classes. If we rephrase the lemma in terms of the monopole number 1 and the 
combination D = 4k + 21 which is the leading term in the formula for the degree d(k, l), we 
obtain the statement that the invariant qk,[,w vanishes unless 1 lies in the range 
n(E) - D < 2E < D. (41) 
On the other hand, in [2] it was shown that the restriction of qk&, to the orthogonal 
complement [Cl’ c H,(X) is zero unless 21 lies in the range 
n(Z) - (g - 1) < 21< (g - 1). (42) 
(Some additional restriction on E is needed in the proof; see [2].) If we compare (41) and (42) 
we see that although the degree of R,,(S) (the difference between the largest and smallest 
powers of s) may grow linearly as d + const., the restriction of&(s) to [Z]’ has degree at 
most (g - l), independent of d. Our next proposition generalizes these two results by dealing 
with the case in which some but not all the classes belong to [El’_ The additional 
hypotheses on C appear also in [23 and allow a simple proof to be given, but it seems likely 
that they could be relaxed. 
PROPOSITION 4.2. Let (X, C) be an admissible pair, and suppose that the degree of the 
normal bundle, n = n(Z), is positive and the genus satisfies the inequality (29 - 2) 2 in + 1. 
Let ul, . . . , u, be surfaces meeting C and let ul, . . . , vdee represent classes in [CJ’. Then we 
have 
qk,l,wh, u-0 ,u,,vl, 1.. ,Vd-e) = 0 
unless 1 lies in the range 
n(E) - (g - 1) - e < 21 < (g - 1) + e. 
In this statement, one may replace any number of the ui by points Gi E Z and any number of 
pairs of surfaces vi by points x E X\C. 
Proof: The statement of the proposition is symmetrical with respect to the flip described 
in the previous subsection, so we need only deal with the upper bound for 1. Without loss of 
generality, we may suppose that E is embedded rather than immersed and that Condition 
2.1 holds. 
Let Y be the circle bundle over C which forms the boundary of a tubular neighbourhood 
of the surface, and let X0 and W” be the manifolds with cylindrical ends obtained by 
decomposing X along Y. So W ’ is diffeomorphic to the tubular neighbourhood and X0 is 
diffeomorphic to the complement. Let gt be a sequence of metrics on X with increasing neck 
length, of the usual sort. Since the surfaces Ui do not meet Y, they can remain constant in X0, 
in the complement of the neck region. The surfaces ui however must change with the metric. 
We follow the argument of Section 5 of [2] closely. The invariant displayed in the 
proposition is obtained by counting the points of the intersection 
for any of the metrics. Here d = d(k, I) is the degree of the invariant. If the invariant is 
non-zero, then we can select a sequence of connections (A,}, so that A, belongs to K for the 
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metric gr, and such that there is a weak limit A on X0 and B on W”. Let rc be the action 
of the connections A, and K’ the action of the weak limit A. If 6 is the number of points 
of concentration of curvature in X0, then rc” < K - 6. Each point of concentration lies 
in at most two of the surfaces ul, . . . , ud_e, so after renumbering these surfaces we can 
write 
A E M,o(XO; B)n Vu, n ... n VOd_p_2d (43) 
where &? c g(Y) is the component of the representation variety of Y to which the limit 
connection belongs. Note that we have lost all information about the surfaces Ui, because 
these do not correspond to closed surfaces in the cylindrical-end manifold. By choosing 
a sufficiently close to zero, we can arrange that K lies between k and k + l/n. The nature of 
the formula for the Chern-Simons invariant of the various components of&?(Y) shows that 
rc” is either an integer or a rational number with denominator n [2, Lemma 3.43, so we find 
that rc” d k - 6. As in Corollary 3.9 of [2], the inequality between n and g implies an 
estimate 
dim M,o(X’; 5%“) < dim Mk_S(X) 
where the right-hand side is the formal dimension of the ordinary moduli space on the 
closed manifold. The fact that the intersection (43) is non-empty therefore gives 
dim Mk_S - 2(d - e - 6) > 0. 
Throwing out 6 from the inequality and putting in the formulae for d = d(k, 1) and 
dim Mk(X), we obtain 
-21+(g-l)+e>O 
which is the right-hand inequality of the proposition, The last sentence of the proposition 
needs no extra arguments. cl 
COROLLARY 4.3. Under the same hypotheses on the genus and normal bundle of IZ, the 
invariant qk,t vanishes identically unless both d(k) and d(k) are non-negative, where d(k) 
denotes the dimension of the ordinary moduli spaces, and k’ = k + 1 - n(Z)/4. 
Proof: This is just the special case e = d(k, 1) in Proposition 4.2. Note that it is a sharper 
result than Lemma 2.3 if the quantity (b+ - b’ - 1) is positive. Cl 
4.4. Relating qk,, t0 qk 
One of the main results of [2] concerning the invariants qk,t is a relation stating that 
qk,[ = 2gqk on [Cl’ is the special case that 1 = f(g - 1). (Again, there are some side- 
conditions concerning C.) In this subsection we shall extend this result slightly in two ways. 
First, we write down the result also in the case of SO(3) invariants, which is an elementary 
matter. Secondly, we show that the result still holds if exactly one of the classes ai on which 
one evaluates qk,l is not in [Cl’. Concerning the first point, note that in the SU(2) case it is 
necessary that g is odd, because 1must be an integer. In the SO(3) case, if w2 is non-zero on 
C, then 1 must be a half-integer and g must be even. 
PROPOSITION 4.4. Let (X, C) be an admissible pair. Suppose that the degree of the normal 
bundle n(E) is positive and that 2g - 2 > in + 3. Let w E H’(X; B/2) be such that 
WCC] = (g - l)mod 2, and put 1 = J(g - l), so that d(k, 1) = d(k). Let ul, . . . , ud be classes in 
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H2(X; Z) with the property that all of them except perhaps u1 are orthogonal to [E]. Then we 
have 
qk.I,&I, ..’ 9%) = f 2gqk,&1, ... 7&f). 
Proof. The corresponding result in [Z] is Theorem 5.10 combined with the calculation 
of Section 9(iii) of that paper. Proposition 4.4 has a slightly stronger constraint on n(C) in 
order to treat the case in which u1 intersects C. Also, we have dropped one condition which 
appeared in [2], namely that n should not be divisible by 4. We shall sketch the proof, giving 
details at those points where the results differ. 
First we deal with the case of an SU(2) bundle (albeit with the stabilization by blowing 
up, which we hide), and for ease of exposition we shall take the case d = 1, so that there is 
only one surface ul, which we may suppose meets C. As in the proof of Proposition 4.2, we 
consider a sequence of metrics g,,, on X with increasing neck length, corresponding to the 
decomposition of X into cylindrical-end manifolds X0 and W ‘. The latter is a tubular 
neighbourhood of E. 
We take a to be close to zero, and as usual we take the metric to have a cone-angle 27c/v 
along Z, where v is large enough to ensure the inequalities (10) when bubbling off occurs. 
The moduli space Mi,, is two-dimensional, and therefore compact, because the lower 
moduli spaces reached by bubbling off would have codimension 4 or more. 
Let {A,} be a sequence of connection in the a-manifold Mi,,(X, C) for the degenerating 
family of metrics gm. Suppose there is a weak limit A on X0 and B on W ‘. 
LEMMA 4.5. For generic metric and small CI, the only possibility is that A belongs to 
Mk(Xo; 9,) and B belongs to M{,,(W’, E; 9,). The convergence is strong. 
Proof Consider the moduli spaces M,(X’; ~8) for 58? a component of B(Y) and IC Q k. 
One such moduli space is Mk(Xo; %?+), which has dimension 2. If n is divisible by 4, then the 
Chern-Simons invariant of g_ is zero and there is a moduli space Mk(Xo; S?_), also of 
dimension 2. All other such moduli spaces are empty for generic metric. This is because of 
the inequality 2g - 2 > an + 3, which implies that the formal dimension of a component 
such as M,(X’; .!4?,) is smaller than the dimension of M,(X’; .%?+), by at least 3; see the 
proof of Lemma 3.7 in [2]. It follows that Mk(Xo; ~42,) and Mk(Xo; %?_) (if present) are 
compact. The metric can be chosen so that these spaces are smooth manifolds and are 
mapped by the end-limit map r to the smooth part .%?: of the representation variety. 
The usual dimension and action counting now shows that, if c1 is small, the only possibility 
is that A belongs to M,(X’; J%+) or perhaps to Mk(Xo; ~3~) if n is divisible by 4. The 
connection B must then lie in M”,,,,(W’, Z; k’%+) or M”,,,,(W ‘, C; C&_), respectively. Here, 
1’ may be less than 1 if monopoles have bubbled off on Z, but in any event the convergence is
strong in the neck. The moduli spaces M*,, lP( W ‘, xc; R), however, are empty when CI is small; 
a proof was sketched in Section 6(iii) of [2]. So in fact %!+ provides the only contribution. 
Because the convergence is strong in the neck, A and B have the same end-limit in &?+. 
Our assumption on the metric already says that this point lies in the smooth part, 9:. The 
metric can also be chosen so that the image of Mk(Xo; %‘+) misses the image of the lower 
strata M”,,,.(W ‘, E; W,) in .%?s for 1’ < 1, because these have codimension 4 or more. It 
follows that B belongs to M$,,(W ‘, C; %‘+) and the convergence is strong, as claimed. 0 
Consider now the two moduli spaces involved, together with their maps to W:: 
r1 : Mk(Xo; 3:) --+ 2: 
r2:M”o,JWo,Z; S?;)-+.C@~. 
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Recall that the first of these moduli spaces is a compact 2-manifold and the second is 
a smooth (6s - 6)-manifold, with a natural compactification involving the lower strata 
M”,.I, for I’ < 1. The map r2 extends to a continuous map J2 on the compactification, and this 
map has degree 2g [2]. For a generic choice of metric on X0, these two maps will be 
transverse, and the image of rl will miss the image of the lower strata under the map f2, 
because these lower strata have codimension 4, as we said in the proof of the lemma. 
It now follows that when the neck-length parameter m is sufficiently large, the moduli 
space Mg,,(X, C) on the closed pair is diffeomorphic to the fibre product of rl and r2. This 
compact 2-manifold therefore admits a map of degree 2g to the moduli space Mk(Xoat). 
The moduli space Mk(X) can be analysed in the same say, and is shown to be diffeomorphic 
to M,(X; w:). 
Putting these two together, we see that there is a map of degree 2g 
when the neck length is large. The map is well-defined to within the small homotopies 
involved in the gluing constructions. The invariant q,JuJ is obtained by an honest 
evaluation of I on the compact 2-manifold on the left, while qk(ul) is obtained by 
evaluating p(uJ on the right-hand space. The gluing construction shows that, up to 
homotopy, the family of connections on the surface u1 parametrized by ME,, is obtained by 
the following procedure: first pull back the family of connections parameterized by Mk via 
the map s; next, in the neighbourhood of each point of intersection with C, flatten the 
connection by a cut-off function in a small disk; finally, using another cut-off function 
glue in to each of the disks some connection with holonomy parameter aand small curvature. 
The last step involves a choice which is made explicit only by having more information about 
the topology of the moduli space M”,,,(W”; &?t). But this extra information is not needed, 
because the construction makes clear that the class P(Q) on Mk is pulled back to the class 
p(q) on C. The formula in the proposition then follows. The sign is ambiguous because 
we have not determined whether or not s preserves the orientation of the moduli space. 
In the case that d is larger than 1, the role of Mi,, in the above proof is played by 
The surface ui involved here are disjoint from C, so lie in the interior of X0. The above 
intersection is still a compact 2-manifold, and the proof is not much changed. The SO(3) 
case also involves very little change in the proof. The only essential point is to check the 
algebro-geometric calculation from Section 9 of [2] in the case that w is non-zero on C. 
Recall that the main result of that section for the SU(2) case was the statement that, when 
g is odd, a generic stable SL(2, C) bundle d on a Riemann surface C has precisely 2g distinct 
line subbundles _Y of degree - i(g - 1). It is not hard to see that the same proof works to 
show that, in the case that g is even and d is a stable GL(2, C) bundle of odd degree,there are 
again 2g line subbundles _!Y with 
deg(Y) - ideg(b) = - $(g -1). 
This is the main step in establishing that rZ has degree 2g, as above. 0 
Remark. The sign in Proposition 4.4 could presumably be computed, given a clear head, 
but the author has not done so. In the SU(2) case, it seems that the sign is + 1. For the 
SO(3) invariants, if (g - 1) is odd, the sign must depend on the orientation of C, presumably 
through its pairing with the chosen integral lift of w. This is because the invariant qk,l is 
sensitive to the orientation of Z in this case; see (12). 
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5. ADDING HANDLES TO I: 
5.1. The formula for adding a torus 
Let (X, C) be an admissible pair, and let E’ be obtained from C by summing with 
a standard torus T2 contained in a ball B in X, disjoint from E. We can describe this 
situation by saying that we have a connected sum of pairs, 
(X’, E+) = (X, Z)#(S4, T*), (44) 
so that Xc is diffeomorphic to X. Let d be the degree of the invariant qk,JX, ‘c). The 
invariant q,JX, C’) has degree d - 1. The following proposition is the main aim of this 
section. 
PROPOSITION 5.1. The invariant qkJX, C’) is related to qkJX, C) by 
qk,l(X, z+)(uI, 1.. ,ud-1) = - 2‘?k,l(x, ~)@I, ... >ud-1, 0)~ 
where a E Z is the point at which the connected sum is made, and the right-hand side is as 
dejined in Section 4(ii). The same formula holds if we replace some of the ui by instances of the 
distinguished two and four-dimensional classes. 
Proof. As usual, we treat the case of an SU(2) bundle, assuming that Condition 2.1 holds 
and hiding the stabilization device. As in Section 3, we need to analyse a connected sum of 
pairs, and we therefore set 01 = $ and take a metric with cone angle 7c along C, so that we are 
in effect dealing with orbifold connections while continuing to use the terminology of the 
singular connections to describe the topology. 
Arrange the Ui so that their intersections with C are well away from a, and consider the 
two-dimensional intersection 
I/ = M~,l(X, Z)n VU,n ... n VU,_l. 
The natural compactification V of this space involves adding just finitely many ideal 
solutions: the only non-compactness occurs when curvature bubbles off at a point of Ui n C, 
leaving a connection A, which belongs to a moduli space of dimension 2d - 4 and which 
lies in Vuj for all j # i. There is the usual SO(2) bundle D6 over V, coming from the base-point 
fibration associated to a. In this SU(2) situation, its fibre at each point of I/ can be identified 
with (L,)‘, where L 0 L- ’ is the decomposition of E along C. (This does not mean that 
a square root of K is well defined.) Because no bubbling off occurs at a, the bundle 
06 extends naturally to the compactification P, and we have 
&,r(X, V(u1, . . . ,ud- 1, a) = - +(@h [VI>. (45) 
Consider the zero-dimensional intersection which defines the invariant on the left-hand 
side in the proposition 
W = M&(X+, Z+)n VUIn ... n VUd_,. (46) 
As usual, we can calculate the invariant using any of a family of metrics g,,, with increasing 
neck length. Consider the possible weak limits (A, B) for a sequence of connections {A,,,} 
drawn from the space W for such a sequence of metrics. Dimension counting shows that the 
only bubbling off that can occur is at the points of intersection of one of the Ui with Z. The 
limit connection A on (X, C) must either belong to I/ (if there is no bubbling off) or be one of 
the ideal points of V. The connection B must be the flat connection on (S4, T 2), with 
holonomy parameter a = $ linking the T’. 
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The index of the deformation complex of B is - 3, which is accounted for by the fact 
that Hg is one-dimensional (the connection is abelian), HA is zero and Hi is two-dimen- 
sional. We can identify the elements of Hi quite explicitly. The double cover of (S4, T2) is 
S2 x S2, which we can take to have the standard metric. The lift of the connection B gives the 
trivial SO(3) connection upstairs on a trivial bundle R! @ H and the covering involution acts 
as + 1 on the R and as - 1 on H. There is a unique self-dual harmonic form w on S2 x S2 
which lies in the - 1 eigenspace of the involution; it can be written as w1 + w2, where these 
two are the area forms of the two 2-spheres. If hi and h2 are a basis of covariant constant 
sections of H, then hi 0 o and h2 0 w are invariant under the involution, and descend to 
give a basis of Hi on (S4, T ‘). 
The elements of Hi provide an obstruction to gluing B to a general solution A on (X, Z). 
We shall describe this in a little detail, to show how it is an orbifold version of the 
construction in, for example, [12]. 
First we must describe the metric on the connected sum. We may suppose that the 
metric on (X, C) is flat near 0. That is, it is modelled on the quotient on a standard ball D, by 
Z/2, with a linear subspace Z? as fixed-point set. Similarly, we may flatten slightly the metric 
on S2 x S2 near the gluing point. Near to 0, the metric on the connected sum (X’, C’) is 
obtained by choosing an orientation-reserving linear isometry z between the tangent spaces 
of D, and S2 x S2, intertwining the covering involutions, and then selecting a small 
parameter 2 to fix the size of the neck (see [12]). The singular connection A on (X, C) lifts to 
give a Z/2-equivariant connection A” on D, carried by an SU(2) bundle f?. Let E @ t-’ be 
the eigenspace decomposition of _!? along C, and let R @ i? be the corresponding SO(3) 
bundle. In the gluing construction, we must choose a Z,-equivariant isomorphism p be- 
tween the fibres of R @ I? and R 0 H at the gluing point. This choice amounts to 
a trivialization of I?, or equivalently of the fibre of K at the point A in I/. 
Let o’ be the anti-self-dual 2-form on T,D, obtained by transfering o via z. The 
curvature FA(G) of A” at d takes values in R @I?, but because of its equivariance, the 
or component of the curvature takes values in the - 1 eigenspace R: 
Letting A vary over V, we obtain from this expression a smooth section Y: I/ + K. This 
extends to a continuous section ‘%“, defined over all of r by the same formula; the continuity 
is simply a result of the fact that the concentration of curvature is disjoint from 6. 
According to the theory developed in [12] (see also [4, Proposition 9.3.13]), the space 
W given in (46) can now be described as the zero set of a smooth section 0 of K over 1/ once 
2 is sufficiently small. Furthermore, as in part V(i) of [12] or part 7.2.8 of [4], the section 
CD extends continuously to a section @ over v, which is generally non-zero at the ideal 
points. The section q provides the model: @ approximates ‘%’ uniformly over P when 1 is 
small. The number of zeros of G, counted with sign, gives the Euler class of the bundle, so we 
have 
%c,l(X, Cf)(% ... ,ud- 1) = <e(% cvl>. 
Combining this with (45) we obtain the result. 0 
5.2. Four manifolds of simple type 
Consider a surface x2 obtained from Z by summing with two disjoint tori in X. Applying 
Proposition 5.1 twice, we obtain a relation 
&.1(X, C’)(z) = 4%,(X, %? 01, g2) 
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where we again use z to denote any combination of classes of total degree 2(d - 2). We can 
transform this relation using Proposition 4.1, to obtain a relation involving the four- 
dimensional class: 
%.I(X,~2)(z) =4%-1(X,x)(z) - 4&,l(X,%,z) + 4qk-,,l+l(x>~)(z). (47) 
This formula for the effect of adding two tori is more useful than Proposition 5.1 for the 
effect of adding one. For example, if z involves only classes disjoint from C, then the same is 
true of all terms appearing in (47). 
This relation takes on a particularly effective form if the invariants of the manifolds 
satisfy a simple condition which was introduced and studied in [13]. This was the following 
condition on the SU(2) invariants: 
qktX1> x2~ z, = 4qk- lcz) (48) 
where Xi are points in X and z is any collection of classes of the correct total degree. We 
make the following definition. 
Dejinition 5.2. A 4-manifold X has simple type if its polynomial invariants qk satisfy the 
relation (48) for all k and if the invariants of pairs (X, C) satisfy a similar relation 
qk,lbl, x2, z, = 4qk- l,dz) (49) 
for all surfaces C immersed in X. 
In [13] it was shown that a significant number of complex algebraic surfaces atisfy the 
condition (48), including all complete intersections of not-too-small degree. Indeed, it is an 
interesting question whether there is a closed 4-manifold, particularly a simply-connected 
one, which does not have this propery. It is easy to extend the argument of [13] to verify 
property (5.8) for the same class. 
It makes for good notation to introduce SU(2) invariants for half-integer values of 
k when X has simple type. We set 
qk- 1,2tz) = hkh z, 
to define a polynomial of degree d(c) - 4 (see L-131). For pairs (X, E) , we define qk- 1,2,1 in 
the same way. This notation allows us to write 
qk,lh ... 9 x,> z, = 2’qk - (r/2), l(z) 
for all r, even or odd. The relation (47) can now be written in a more symmetrical form: 
qk,l(X,C2) = 4qk,,-l(x, x) - 8qk-1,2,@, c) + 4qk-l,,+1(x,~:). (50) 
It is also convenient o modify the definition of the Laurent series Rd by incorporating the 
half-integer values of k: we define 
&(s) = 2-9 c s- ??k,l’ 
d(k,l)=d 
ke;Z,lEZ 
The following proposition does no more than rephrase our earlier conclusions in the new 
notation. 
PROPOSITION 5.3. Let X be a 4-manSfold of simple type, and let E’ be an immersed surface. 
Then: 
(a) if X is obtained from Z’ by a positive twist move or a finger move, we have 
&(X, x) = (1 - s2)&(X, c’); 
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(b) if C is obtained from EC’ by a negative twist move, the invariant is unchanged; 
(c) if x2 is obtained from C’ by summing with two tori, we have S&X, IZ2) = 
(s- l - 2 + s)&(X, Z’). 
Proof The first two parts are what we have already proved in Proposition 3.1. The third 
part is a rephrasing of (50). (A factor of 4 has been absorbed by the 2-g which appears in the 
definition of S,.) 0 
Again, the order of vanishing of Sd at s = 1 increases by 1 each time we introduce 
a positive double point. From (c), the order of vanishing increases by 2 if we add two 
handles. We can think of each handle contributing 1 to the order of vanishing, so that in this 
respect adding a handle has the same effect as introducing a positive double point. The 
order of vanishing at s = - 1 increases when a double point is created, but is not affected by 
the addition of two handles. Note that R,, was always either an even or an odd function of s, 
but S,, involves both even and odd powers. 
COROLLARY 5.4. Let X be a simply connected 4-manifold of simple type, and let 5 be 
a two-dimensional homology class. Choose an immersed surface IZ representing <, let g be its 
genus and t the number of positive double points. Let o be the order of vanishing of S, at s = 1, 
and put 
r(tJ) = g + z - 0. 
Then y(t) depends only on the homology class 5 and (perhaps) the chosen degree d and the 
parity of g. This integer is a lower bound on the genus of any embedded surface representing 5, 
subject to the parity condition. 
Proof In the simply connected case, any two surfaces representing 5 will differ by 
a sequence of finger moves, twist moves and the addition of handles. The result is thus 
a consequence of the previous proposition. q 
5.3. Some further remarks 
Let X be again a simply-connected 4-manifold of simple type, and let ~(5) be the 
quantity defined in Corollary 5.4 above. It seems a likely guess that this integer is 
independent of the degree d, once d is sufficiently large. In case it is not, let us redefine y(r) by 
taking the maximum over all d. At the same time, we should also consider surfaces of both 
even and odd genus, and again take the maximum. The result is a function 
y:H,(X; H)+H (51) 
having the property that, for every homology class 5, the integer y(r) is a lower bound for 
the genus of any embedded surface representing 5. 
The result announced in [6] (and proved in [S]) establishes that if X is a complex surface 
such as a complete intersection of odd geometric genus, and if 5 is represented by a smooth 
curve C with positive self-intersection umber, then r(C) is equal to the genus of C. In other 
words, the lower bound y is sharp for that class. (At present there are some provisos 
concerning the parity of g and the divisibility of n(E).) If we recall that the adjunction 
formula gives the genus g of the algebraic curve as 
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it becomes natural to replace the invariant y by an equivalent invariant, defined by 
J(5) = 2Y(<) - 2 - 5. r. (52) 
We can then reformulate the result by saying that, for the class carried by C, we have 
J(5) = Kx. 5. (On the other hand, if - 5 is represented by such a curve, then 
J(l) = - Kx. 5. Since Kx is ample on C, we can write J(t) = 1 Kx- 5 ( to cover both cases.) 
The function J on H2(X; Z) is something that we can compute for any 4-manifold of 
simple type, given only an oracle that computes moduli spaces. If X does not have simple 
type, we cannot effectively compare the results from surfaces of different genus, but we can 
still define an invariant similar to J using the Laurent series Rd instead of Sd and using, say, 
immersed spheres instead of embedded surfaces. Perhaps one can think of J as a general 
substitute for the canonical class Kx of a complex surface. 
Note Added in Proof - Since this paper was received, the results which are the paper’s principal applications have 
been obtained by a different but related route in [13]. For that reason, the cited paper [S] will not now appear. 
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